A stochastic multi-user multi-armed bandit framework is used to develop algorithms for uncoordinated spectrum access. In contrast to prior work, the number of users is assumed to be unknown to each user and can possibly exceed the number of channels. Also, in contrast to prior work, it is assumed that rewards can be non-zero even under collisions. The proposed algorithm consists of an estimation phase and an allocation phase. It is shown that if every user adopts the algorithm, the system wide regret is constant with time with high probability. The regret guarantees hold for any number of users and channels, i.e., even when the number of users is less than the number of channels. The algorithm is extended to the dynamic case where the number of users in the system evolves over time and our algorithm leads to sub-linear regret.
I. INTRODUCTION
The existing spectrum management paradigm treats frequency spectrum as a fixed commodity, which leads to spectrum under utilization. Cognitive radio has emerged as a useful strategy to increase spectrum utilization. The existing literature on cognitive radio has largely been focused on the primary/secondary user paradigm, where secondary users need to detect vacant spectrum when available and vacate the occupied spectrum when a primary user wants to transmit.
We focus on a different type of spectrum sharing system in which there is no distinction between users, and in which there is no coordination among the users. The collective performance across all users is more important than that of individual users. This is in contrast to the typical primary/secondary user paradigm in which secondary users bear the responsibility for ensuring priority-based spectrum sharing. We model this system using a stochastic multi-user multiarmed bandit framework [1] . Our goal is to design an efficient channel access mechanism by managing interference in the system by means of a decentralized policy across the users.
Multi-armed bandit problems have been studied in the context of cognitive radio using different formulations. A Markovian channel model for a two-user two-channel system was considered in [2] where the probability transitions were assumed to be known. Coordination between users was considered in the schemes of [3] , [4] , [5] .
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More relevant to our study is the stochastic multi-armed bandit model with no communication between the users. Multi-arm bandit formulations in multi-user cognitive radios without user coordination were considered in [6] , [7] , [8] and [9] . The algorithm in [6] is based on a time-division fair sharing (TDFS) of the best arms between users. Although the algorithm achieves order optimal regret, it requires preagreement among users and it is assumed that the number of users is fixed and known to all users. The algorithm in [7] does not require any coordination between users and achieves optimal regret, but assumes that the number of users is known. The algorithm in [8] combines an -greedy learning rule with a collision avoidance mechanism, and [9] considers a musical chairs algorithm. Both of these approaches achieve sub-linear regret and do not require knowledge of the number of users.
All the existing approaches including [8] and [9] focus on the primary/secondary user paradigm in the scenario where the reward distribution for a user is unknown but fixed. In particular, when multiple users access the same channel they receive zero reward. Hence, all these approaches fail when the number of users is greater than the number of channels. In our model, all users are treated equally and the reward obtained by each user largely depends on the actions of other users. When multiple users access the same channel, we allow for a nonzero reward with the assumption that the reward for each user decreases as the number of users on the channel increases. Thus we include the case where there are more users than channels.
We assume that the reward on the channel depends on the number of users on the channel and is drawn i.i.d from a distribution depending on the number of users on the channel. The degradation of the reward as a function of number of users depends on the system, e.g., the distance between the users, the protocol used for transmission (e.g., hybrid ARQ) and is captured through a reward distribution that depends on the number of users on the channel.
We assume that the number of users is unknown and that there is no communication between the users. However, we make the mild assumption that the users have access to a shared clock for time synchronization (see also, [9] , [10] , [11] ). We propose an algorithm and show that if each user employs the algorithm, the system wide regret is O(1) in time, with high probability. The algorithm can be used for any number of users or channels. We extend our algorithm to the dynamic case, and show that with minor restrictions on the rate at which users enter and leave the system, we can achieve sub-linear regret. To the best of our knowledge, these are the first algorithms with such regret guarantees without user coordination when the number of users is greater than the number of channels.
II. SYSTEM MODEL
Let K be the number of users in the system. We initially assume that the users have unlimited data for transmission. In a more realistic setting, users may become active or inactive depending on their transmission needs and we consider this setting in Section V. Each user can choose one among M channels for transmission, where we first consider K ≥ M . With M channels and K users attempting to access the spectrum, we assume that each user has prior knowledge of M , but not of K. The assumption of known M is reasonable if the spectrum partition is enforced and fixed. On the other hand, it is not realistic to assume the knowledge of K in an uncoordinated network.
In the absence of a primary user, we want to ensure that a user does not take over a channel for a long time and we therefore impose the following condition. For each user, transmission on a particular channel takes place for a maximum of T x time units after which the user releases the channel for at least T x time units before attempting to access the same channel. We model the system as a multi-player multi-armed bandit system with K users and M arms (channels). In each timeslot t, let A t,k denote the set of channels available to user k. User k chooses a channel a t,k ∈ A t,k based on the previous reward history according to a certain policy and receives a reward. The reward observed is inversely proportional to the number of users transmitting on the same channel. For example, the reward could be the rate achieved by the user on the channel which reduces due to interference from other users accessing the channel. Specifically, the reward on each arm depends on the number of users who have chosen the arm. Let f t = [f t (1), . . . , f t (M )] denote the number of users on each channel at time t, where M m=1 f t (m) = K. Thus, the reward r t,k (a t,k , f t (a t,k )) received by user k at time t is a function of the channel chosen a t,k and the number of users on the channel f t (a t,k ). Without loss of generality let r t,k ∈ [0, 1]. The maximum achievable reward of one is achieved when a single user is transmitting on the channel. Let μ(m, f (m)) denote the mean reward on channel m when the number of users on the channel is f (m). We assume that each user chooses a channel according to the same policy. We assume that μ(m, f (m)) becomes negligible for some f (m) = β + 1, where β depends on the system. This restricts the number of users in the system as K M ≤ β. We define the expected regret in the system in the following way,
) and corresponds to the optimal number of users on each channel. We wish to find a policy with sub-linear regret as a function of T .
To estimate the means on each channel as a function of number of users, we need to impose some separability condition. We consider the following separability condition. For any m ∈ [M ] and r, s ∈ [β] and some 2 ∈ (0, 1),
where σ 2 is the variance of the distributions and c is a constant.
III. ALGORITHM
We now propose an algorithm which when employed by all the users leads to constant system wide regret with time. The algorithm has two phases. The first is an estimation phase during which we estimate the number of users K and μ(m, f (m)), the average mean reward on each channel as a function of the number of users on the channel. The second is an allocation phase where the users arrange themselves in a way that minimizes system regret. 3: if no collision then 4: co m ← co m + 1 5: We estimate the number of users by keeping track of the number of collisions similar to [9] , with the estimate given bŷ We estimate μ(m, n) separately for each channel based on the reward x(m) observed on the corresponding channel. This is done by clustering the samples using the k-means algorithm. We do this using algorithm Cluster (see Algorithm 2) inspired by [12] . We are interested in finding the centroids of the clusters rather than the correct classification of all the samples. Hence, we use an α-approximation algorithm with a run time T c to find the estimates the centroids of the cluster and show that we get good estimates with high probability.
We consider the approximation algorithm in [13] with a run time T c ∼ O(T 0 ). Choose p(i) for next min{T 1 , i(T x + 1) − 1} rounds 11: end while After obtaining the estimates forμ(m, f ) andK, the optimal number of users on each channel f * can be calculated. We use Alloc (see Algorithm 3) to ensure that each user settles or 'fixes' on a channel m with number of users less than f * (m). That is, on finding a channel m with μ(m, f (m)) ≤ μ(m, f * (m)), the user keeps transmitting on it. The system incurs regret until all users have settled on some channels, and we call this duration the fixing time. Once all the users have settled on their channels the system does not incur regret. However in our system model, a user can transmit on a channel for at most T x time units, after which the user must switch. We assume that T x is fixed for all the users but can vary with time. We use Permute (see Algorithm 4) to have efficient allocation such that the regret does not grow with time. In order to avoid system-wide regret every time users have to switch, we fix the ordering of each user after N 0 epochs; this can be done for any N 0 ≥ 2. Our goal is to have each user transmit on all the channels. This is the coupon collector problem with each user having to collect M channels with the expected number of trials N 0 ∼ O(M logM ). If any of the N 0 epochs does not result in successful fixing of all the users, we incur regret each time the epoch is repeated. Hence, if a user does not settle or fix during any epoch or observes more number of users on his channel consistently throughout the epoch, the user discards the epoch. When K ≤ M , in order to have efficient allocation so that the regret does not grow with time, after the first epoch, each user switches to the next channel among the set of K best channels.
We fix the epoch size to be T x . Let T f is the expected time taken for a user to fix on a channel. We assume that T f ≤ T x and 2 max m f * (m) ≤ m f * (m) to ensure that after every transmitting for T x time units, each user has other available channels. Note that our algorithm works even when K ≤ M , in which case it reduces to a version of the algorithm in [9] .
IV. ANALYSIS
We first consider the case where K > M. We show that if all the users in the system use Algorithm 1, with high probability the expected regret is O(1).
Theorem 1: For any fixed and δ ∈ (0, 1), with probability greater than 1 − δ, the expected regret of K users using Algorithm 1 with M arms for T rounds, with parameter
The proof is omitted due to space constraints and can be found in the full version of our paper [14] .
The first term K(T 0 + T c ) corresponds to the regret accumulated during the estimation phase. We show that by running the estimation phase for T 0 +T c time units, we have the correct estimates for μ(m, f (m)) and K with high probability. Here T c denotes the time used for running the α-approximation algorithm for clustering. In the allocation phase, the regret in the system is accrued only during the N 0 number of fixing phases. In Theorem 4 we show that the regret in each fixing phase is K 2 M exp( K−1 M −1 ).
A. Estimation phase
We now show that, with high probability, we have the correct estimates for μ(m, f (m)). More precisely, we find estimatesμ k (m, n) such that |μ k (m, n) − μ(m, n)| ≤ with high probability.
Theorem 2: For any fixed , δ, player k, channel m and number of users on the channel n ≤ β the estimatê μ k (m, n) obtained after running the algorithm for T 0 = Proof: The proof is omitted due to space constraints and can be found in the full version of our paper [14] . ln( 2 δ ) rounds, then with probability at least 1 − δ, we haveK = K.
Proof: The proof is omitted due to space constraints and can be found in the full version of our paper [14] .
B. Allocation phase
We now find bounds on the expected regret during each fixing phase, given that the estimates of μ(m, f (m)) and K are accurate.
Theorem 4: The expected regret accumulated by the system during a fixing phase R f is bounded as follows,
and thus the system-wide regret E[R f ] during the fixing phase is given by,
where R k,t denotes the regret incurred by player k at time t and we have R k,t ≤ 1 by our assumption on the reward distribution.
Analysis for K ≤ M
For the case where K ≤ M , there is no need for clustering. We only need the estimates for μ(m, 1) and all users individually choose the best K channels. This reduces to the musical chairs algorithm and the analysis can be found in [9] . After fixing on a channel during the first allocation time, after every T x time units, each user switches to the next channel among the K best channels. V. DYNAMIC CASE In this section, we extend the results to a dynamic system with a changing number of users. We run Algorithm 1 repeatedly in epochs. However, in order to obtain a sub-linear regret bound, we need to impose some restrictions on the number of epochs and on the way users enter or leave the system. It is easy to see that the number of epochs N e must be sub-linear in time to have sub-linear regret in the system. We restrict the number of users entering and leaving the system κ to be O(T ζ ) where ζ < 1 2 . We note that this is different from [9] where the time horizon is fixed and known, and there is also a restriction on when users can enter or leave the system. In our model, the dynamic scenario also includes the case where K t can go from greater than M to less than M and vice-versa.
Let K t denote the number of active users at time t, where Kt M ≤ β. Note that all the theorems in Section IV follow for the dynamic case with K t ≤ Mβ. We consider t 1 where t 1 is the starting epoch length with t 1 ≥ T
We run Algorithm 1 for time t 1 . Then we run it for 2t 1 , then for 3t 1 and so on. The algorithm is given below.
Algorithm 5 Dynamic Allocation 1: Input: Parameter t 1 2: for t 1
Run Algorithm 1 with δ (r) ← δ 2 r+1 . 4: end for Theorem 5: With a probability greater than 1 − δ, the expected regret accumulated by the system after running the algorithm Dynamic Allocation for T rounds where t 1 
In epochs with fixed or static users, regret follows from Theorem 1, and in epochs with dynamic users, the system incurs regret during the entire epoch. 
VI. EXPERIMENTS
In this section, our goal is to validate the performance of the estimation phase in the algorithm and show that the performance in the allocation phase does not suffer due to use of the estimated values i.e., the regret does not grow with time in the allocation phase. We consider a system with K = 10 users and M = 6 channels and the non dynamic case. We set T 0 = 1000, T x = 1000 time units and N 0 = 5 and repeat the experiment 100 times and consider the average accumulated regret. We set β = 3 and reward distributions are chosen to be uniform with a variance of 0.01, and means between 0 and 1 given below, We compare the performance of Algorithm 1 with the estimated values of μ and K with Algorithm 1 with the true parameter values. We also show how the estimates change with number of iterations in the estimation phase T 0 . We used the in-built MATLAB kmeans function for clustering. Fig. 1 : Accumulated regret as a function of time.
From Figure 1 , we see that the accumulated regret grows with time during the estimation phase and remains constant during the allocation phase. We also notice that there is no noticeable difference between Algorithm 1 with the true parameter values and the one with the estimated values. This follows because the estimates of K and the mean converge to the true values with few iterations as shown in Figure 2 and 
VII. CONCLUSION
We considered a spectrum allocation problem modeled as a multi-user multi-armed bandit with no communication among the users. We proposed a new algorithm that achieves constant regret with high probability when the number of users are fixed. We extended our algorithm to the dynamic case and achieved sub-linear regret. We provided simulation results to show that the algorithm performs well in practice when the number of users is fixed.
